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Abstract
Let G = U2m(2) be the unitary group of dimension 2m ≥ 6 over the finite field of four elements
G F(4), W = G F(4)2m the natural module of G. Then G acts transitively on the set Ω of maximal
totally isotropic m-dimensional subspaces of W . This permutation representation over R contains
an irreducible representation of dimension d = (4m + 2)/3. One can embed the set Ω into the unit
sphere Sd−1 in the Euclidean space Rd , and we prove that this embedding gives a spherical 5-design.
© 2003 Elsevier Ltd. All rights reserved.
1. Introduction
If G is a finite irreducible subgroup of the real orthogonal group O(d) of dimension d ,
then every G-orbit on the unit sphere Sd−1 is a spherical 2-design. A condition is known
for every G-orbit to be a spherical t-design [1, 2], and Sidelnikov [8] constructed a family
of spherical 7-designs by taking appropriate finite subgroups of O(2n).
In this note, we show that a certain orbit of the unitary group U2m(2) in its
d-dimensional representation, where d = (4m +2)/3, is a spherical 5-design. Here U2m(2)
is the unitary group of dimension 2m over the finite field of four elements G F(4), and the
orbit in question represents the dual polar space associated to U2m(2).
Admittedly, our result may be weaker than what one could possibly obtain by using
the representation theory of U2m(2). Indeed, the Molien series of the 22-dimensional
representation of U6(2) can be computed from the character table of U6(2) available in [5],
and we see that every orbit of U6(2) on the unit sphere is a spherical 5-design. However,
the fact that our designs are constructed from the dual polar spaces enables one to use
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known data as Q-polynomial association schemes. In fact, we give a simple criterion for
a Q-polynomial association scheme to become a spherical 5-design when it is embedded
into the first eigenspace with respect to the Q-polynomial ordering.
We remark that all the cosines of the angles between elements of our spherical designs
are powers of −1/2. Thus our designs generate a lattice in Rd . These lattices appeared in
a different context [7]. Also, we remark that the spherical 5-design obtained from U6(2)
forms a set of 891 vectors which is an optimal spherical code in S21.
2. Preliminaries
A spherical t-design (t ∈ Z, t ≥ 0) is a finite set Ω ⊂ Sd−1 such that∫
Sd−1 f (x) dx∫
Sd−1 1 dx
= 1|Ω |
∑
u∈Ω
f (u)
for all polynomials f ∈ R[X1, . . . , Xd ] of degree at most t . Equivalently,∑
u,v∈Ω
Qk(〈u, v〉) = 0 (k = 1, 2, . . . , t), (1)
where {Qk}∞k=0 are suitably normalized Gegenbauer polynomials, defined by
Q0(x) = 1, Q1(x) = dx,
k + 1
d + 2k Qk+1(x) = x Qk(x) −
d + k − 3
d + 2k − 4 Qk−1(x) (k = 2, 3, . . .).
We refer the reader to [6] for more details on spherical designs. In what follows we simply
say a t-design for a spherical t-design.
A symmetric association scheme is a pair (X, {Ri }mi=0), where X is a finite set, Ri is a
symmetric relation on X such that
(i) R0 is the diagonal relation.
(ii) {Ri }0≤i≤m is a partition of X × X .
(iii) For any i, j, k ∈ {0, 1, . . . , m}, the number
|{γ ∈ X | (α, γ ) ∈ Ri , (γ, β) ∈ R j }|
is independent of the choice of (α, β) in Rk .
For i ∈ {0, . . . , m}, let Ai be the adjacency matrix of the relation Ri , that is, Ai is the
matrix whose rows and columns are indexed by X and
(Ai )α,β :=
{
1 if (α, β) ∈ Ri ,
0 otherwise.
Then the linear combinations of the adjacency matrices form a commutative algebra over
R called the Bose–Mesner algebra. The space V of real-valued functions on X is a vector
space of dimension |X |, and is an orthogonal direct sum of maximal common eigenspaces
of the adjacency matrices:
V = V0 ⊥ V1 ⊥ · · · ⊥ Vm . (2)
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Let E0, E1, . . . , Em be the orthogonal projection of V onto Vi . Then the matrices
E0, E1, . . . , Em are the primitive idempotents of the Bose–Mesner algebra. We assume
E0 = (1/|X |)J by convention, where J is the matrix whose entries are all 1. The column
vectors of the matrix Ei all have the constant norm which is equal to rank Ei/|X |, hence
they can be regarded as elements of a sphere in Vi .
If {Ri }mi=0 is the set of orbits on X × X of a finite permutation group G on X , then the
decomposition (2) is an irreducible decomposition of the permutation module of G on X .
We say that a symmetric association scheme (X, {Ri }mi=0) is Q-polynomial if, for each
i ∈ {0, 1, . . . , m}, there exists a polynomial v∗i (x) of degree i such that
|X |Ei = v∗i (|X |E1) (0 ≤ i ≤ m), (3)
where, if
v∗i (x) =
i∑
j=0
ci j x j ,
then
v∗i (|X |E1) =
i∑
j=0
ci j |X | j E1 ◦ · · · ◦ E1︸ ︷︷ ︸
j
,
where ◦ denotes the entry-wise product. For a Q-polynomial association scheme, it is
known that there exist a∗i , b∗i , c∗i ∈ R such that
xv∗i (x) = c∗i+1v∗i+1(x) + a∗i v∗i (x) + b∗i−1v∗i−1(x) (4)
holds, and {v∗i (x)} is a system of orthogonal polynomials. For more details on Q-polyno-
mial association scheme, we refer the reader to [3].
Now let G = U2m(r) be the unitary group of dimension 2m over the finite field of r2
elements G F(r2), W = G F(r2)2m the natural module of G. Then G acts transitively on
the set X of maximal totally isotropic m-dimensional subspaces of W . The G-orbits on
X × X are
Ri = {(α, β) | dim(α ∩ β) = m − i} (0 ≤ i ≤ m),
and X = (X, {Ri }mi=0) becomes a symmetric association scheme. As we remarked already,
the decomposition (2) of W into maximal common eigenspaces of the adjacency matrices
is also an irreducible decomposition of the permutation representation. If we order the
eigenspaces suitably in such a way that dim V1 = (r2m + r)/(r + 1), then X becomes a
Q-polynomial association scheme. This is pointed out in [3, p. 304]; see also Table 6.1
(C3) of [4]. We denote by Ω the set of column vectors of E1, normalized to have norm 1,
as a subset of the unit sphere in V1. Thus, Ω is an embedding of X into Sd−1, where
d = (r2m + r)/(r + 1). We also denote by α¯ the image of an element α ∈ X under this
embedding. A comment on the peculiarity of this embedding can be found in [4, Remark,
p. 276].
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The set Ω ⊂ Sd−1 has the property that the inner product of two elements α¯, β¯ is (−r) j
if and only if dim(α ∩ β) = m − j (recall that α, β are m-dimensional subspaces of W ).
The number of pairs (α, β) ∈ X2 such that 〈α¯, β¯〉 = (−r)− j is given by |X |k j , where
k j =
j∏
h=1
r2h−1(r2(m−h+1) − 1)
r2h − 1 .
With these formulae at our disposal, we can verify whether (1) holds for any given value
of m. However, we shall take a simpler approach to prove the following theorem.
Theorem 1. Let Ω be the normalized embedding of the dual polar space associated to
U2m(2) into the eigenspace of dimension d = (4m + 2)/3, where m ≥ 3. Then Ω is a
spherical 5-design.
The proof will be given at the end of the next section.
3. The embedding of aQ-polynomial association scheme into the first eigenspace
In this section, we let (X, {Ri }mi=0) be a Q-polynomial association scheme with respect
to the ordering of the primitive idempotents E0, E1, . . . , Em of its Bose–Mesner algebra.
This means that there exist polynomials {v∗i (x)}mi=0 satisfying (3) and the recurrence
relation (4) with coefficients a∗i , b∗i , c∗i . We write E1 as a linear combination of the
adjacency matrices A j :
E1 = 1|X |
m∑
j=0
θ∗j A j . (5)
The valency of the relation R j is denoted by k j . Then the orthogonality relation for the
polynomials {v∗i (x)}mi=0 is given by
m∑
j=0
k jv∗i (θ∗j )v∗i ′ (θ
∗
j ) = δii ′ |X |v∗i (θ∗0 ). (6)
Let Ω be the embedding of X into the first eigenspace. This means that Ω is the set
of column vectors of the matrix (|X |/d)E1, regarded as a subset of the unit sphere Sd−1,
where d = θ∗0 = rank E1. Then it follows from (5) that there are |X |k j pairs of elements
with inner product θ∗j /d . In view of (1), in order to prove Ω is a t-design, it suffices to
show
m∑
j=0
k j Qi (θ∗j /d) = 0 (i = 1, 2, . . . , t). (7)
Now it is easy to show that Ω is a 2-design using the orthogonality relation. It is well
known and easy to see that Ω is a 3-design if and only if a∗1 = 0. The following lemma
gives a condition under which Ω is a t-design for t = 4, 5.
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Lemma 2. Let Ω be as above, and assume m ≥ 3. Then
(i) Ω is a 4-design if and only if a∗1 = 0 and
b∗0b∗1c∗2 + 2(b∗1c∗2 − b∗20 + b∗0) = 0. (8)
(ii) Ω is a 5-design if and only if Ω is a 4-design and a∗2 = 0.
Proof. Let
pi = 1|X |
m∑
j=0
k j
(
θ∗j
θ∗0
)i
.
It is shown in [4, p. 78] that p3 = a∗1/d , and Ω is a 4-design if and only if p3 = 0 and
p4 = 3d(d + 2) . (9)
Moreover,Ω is a 5-design if and only if Ω is a 4-design and p5 = 0.
To prove (i), we assume a∗1 = 0. Then by the orthogonality relation,
|X |θ∗40 p4 =
m∑
j=0
k jθ∗2j (c∗2v
∗
2 (θ
∗
j ) + b∗0)
= c∗2
m∑
j=0
k jv1(θ∗j )(c∗3v∗3 (θ∗j ) + a∗2v∗2(θ∗j ) + b∗1v∗1 (θ∗j )) + b∗0
m∑
j=0
k jv∗1 (θ∗j )2
= |X |θ∗0 (c∗2b∗1 + b∗0).
Since d = θ∗0 = b∗0, we have
d2(d(d + 2)p4 − 3) = (d + 2)(c∗2b∗1 + b∗0) − 3d2
= b∗0b∗1c∗2 + 2(b∗1c∗2 − b∗20 + b∗0).
Thus, the condition (9) is equivalent to (8). This proves (i).
To prove (ii), we continue to assume a∗1 = 0. Then p3 = 0, so that we have
|X |θ∗50 p5 = c∗2
m∑
j=0
k jθ∗3j v∗2 (θ∗j )
= c∗2
m∑
j=0
k jθ∗j (c∗2v
∗
2 (θ
∗
j ) + b∗0)v∗2 (θ∗j )
= c∗22
m∑
j=0
k j (c∗3v
∗
3(θ
∗
j ) + a∗2v∗2 (θ∗j ) + b∗1v∗1(θ∗j ))v∗2 (θ∗j )
= c∗22 |X |v∗2 (θ∗0 )a∗2 .
Thus, p5 = 0 if and only if a∗2 = 0. This proves (ii). 
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If (X, {Ri }mi=0) is the dual polar space associated to U2m(2), then a∗1 = a∗2 = 0 and (8)
hold, so that Ω becomes a 5-design. To check this, we reproduce a more general formula
for the parameters a∗i , b∗i , c∗i for the dual polar spaces associated with U2m(r), where r is
a prime power. They can be deduced from the formulae in [3, Section 3.5].
b∗i =
(r2m + r)(r2m+2 + (−1)ir i+1)
(r + 1)(r2m+2 + r2i+1) (i = 0, 1, . . . , m − 1), (10)
c∗i =
r i−1(r i + (−1)i−1)(r2m + r)
(r + 1)(r2m + r2i−1) (i = 1, . . . , m), (11)
a∗i = b∗0 − b∗i − c∗i (i = 1, . . . , m). (12)
From these formulae, one checks easily that the conditions of Lemma 2(ii) are satisfied
precisely when r = 2. This completes the proof of Theorem 1.
It is worth noting that, although the case m = 2 does not yield a 5-design, one obtains a
tight 4-design.
One might wonder if our example could become a 6-design. A straightforward
calculation shows that the condition (7) for i = 6 is equivalent to
p6 ≥ 15d + 8 p4 −
30
d(d + 4)(d + 8) . (13)
Thus, the set Ω (as in Lemma 2) is a 6-design if and only if Ω is a 5-design and
p6 = 15d(d + 2)(d + 4) . (14)
On the other hand, if we assume a∗1 = a∗2 = 0, then a similar argument as in the proof of
Lemma 2(ii) yields
p6 = 1b∗50
(c∗2c∗3b∗1b∗2 + (c∗2b∗1 + b∗0)2). (15)
If we substitute our set of parameters (10)–(12) into (15), we see that (14) never holds.
Therefore, Theorem 1 cannot be strengthened to claim that Ω is a 6-design.
One can find a more general formula for parameters a∗i , b∗i , c∗i for arbitrary P- and
Q-polynomial association schemes in [3, Section 3.5]. These parameters can be expressed
by at most six free parameters. As a dual version of the fact that the girths of the P- and
Q-polynomial schemes are bounded in general, it is reasonable to expect that the strengths
of such association schemes as spherical designs are bounded, when embedded in the first
eigenspace. Indeed, we have found that our examples coming from the unitary group over
G F(4) are the only known P- and Q-polynomial association scheme of a large diameter
which produce 4-designs when embedded in the first eigenspace.
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